Using the results of a high precision calculation of the solar neutrino survival probability for Earth crossing neutrinos in the case of MSW ν e → ν µ(τ ) transition solution of the solar neutrino problem, performed in an earlier study, we derive predictions for the one-year averaged day-night (D-N) asymmetry in the deformations of the e − -spectrum to be measured with the Super -Kamiokande detector, and for the D-N asymmetry in the energy-integrated one year signal in this detector. The asymmetries are calculated for solar ν e crossing the Earth mantle only, the core and the (mantle + core) for a large representative set of values of the MSW transition parameters ∆m 2 and sin 2 2θ V from the "conservative" MSW solution region obtained by taking into account possible uncertainties in the values of the 8 B and 7 Be neutrino fluxes. The effect of the uncertainties in the value of the bulk matter density and in the chemical composition of the core, on the D-N asymmetry predictions is discussed. It is shown, in particular, that for sin 2 2θ V ≤ 0.013 the one year average D-N asymmetry for neutrinos crossing the Earth core can be larger than the asymmetry for (only mantle crossing + core crossing) neutrinos by a factor of up to six. Iso -(D-N) asymmetry contours in the ∆m 2 −sin 2 2θ V plane for the Super -Kamiokande detector are derived in the region sin 2 2θ V > ∼ 10 −4 for only mantle crossing, core crossing and (only mantle crossing + core crossing) neutrinos. Our results indicate that the Super -Kamiokande experiment might be able to test the sin 2 2θ V ≤ 0.01 region of the MSW solution of the solar neutrino problem by performing selective D-N asymmetry measurements. PACS: 14.60Pq, 26.65, 95.85.Ry 
Introduction
Assuming that the solar neutrinos undergo two -neutrino MSW ν e → ν µ(τ ) transitions in the Sun, and that these transitions are at the origin of the solar neutrino deficit, we have performed in [1] a high -precision calculation of the one -year averaged solar ν e survival probability for Earth crossing neutrinos, P ⊕ (ν e → ν e ), reaching the Super -Kamiokande detector. The probability P ⊕ (ν e → ν e ) was calculated by using, in particular, the elliptical orbit approximation (EOA) to describe the movement of the Earth around the Sun. Results for P ⊕ (ν e → ν e ) as a function of E ν /∆m 2 , E ν and ∆m 2 being the neutrino energy and the neutrino mass squared difference, have been obtained for neutrinos crossing the Earth mantle only, the core, the inner 2/3 of the core and the mantle + core (full night) for a large representative set of values of sin 2 2θ V , where θ V is the neutrino mixing angle in vacuum, from the "conservative" MSW solution region in the ∆m 2 -sin 2 2θ V plane, derived by taking into account the possible uncertainties in the fluxes of 8 B and 7 Be neutrinos (see, e.g., ref. [2] ; for earlier studies see ref. [3] ).
We have found in [1] , in particular, that for sin 2 2θ V ≤ 0.013 the one -year averaged D-N asymmetry 2 in the probability P ⊕ (ν e → ν e ) for neutrinos crossing the Earth core can be larger than the asymmetry in the probability for (only mantle crossing + core crossing) neutrinos by a factor of up to six. The enhancement is even larger for neutrinos crossing the inner 2/3 of the core. We have also pointed out to certain subtleties in the calculation of the time averaged ν e survival probability P ⊕ (ν e → ν e ) for neutrinos crossing the Earth, which become especially important when P ⊕ (ν e → ν e ) is computed, for instance, for the core crossing neutrinos only 3 . In the present article we use the results obtained in [1] to investigate the D-N asymmetries in the spectrum of the recoil electrons from the reaction ν e + e − → ν e + e − caused by the 8 B neutrinos and in the energy-integrated event rate, to be measured by the SuperKamiokande experiment. If the solar 8 B neutrinos take part in MSW transitions, the 8 B neutrino spectrum will be deformed by the MSW effect in the Sun, and, for the neutrinos crossing the Earth, by the MSW effect in the Earth. This creates a difference between the (deformed) spectra of neutrinos detected during the day and during the night, which is reflected in the corresponding day and night recoil -e − spectra. We have computed in [5] the D-N asymmetry in the recoil-e − spectrum for the same large set of representative values of ∆m 2 and sin 2 2θ V from the "conservative" MSW solution region for which the results in [1] have been obtained. The D-N asymmetry in the e − -spectrum is found for neutrinos crossing the Earth mantle only, the core and the mantle + core. Here we have included only few representative plots showing the magnitude of the D-N asymmetry in the recoil-e − spectrum to be expected in the case of the two -neutrino MSW ν e → ν µ(τ ) transition solution of the solar neutrino problem. The spectrum asymmetry for the sample of events due to core crossing neutrinos only is strongly enhanced for sin 2 2θ V < ∼ 0.013 with respect to the analogous asymmetries for the mantle and for the (only mantle crossing + core crossing) neutrinos. We present also detailed results for the one-year averaged D-N asymmetry in the Super -Kamiokande signal for the indicated three samples of events. We find that indeed for sin 2 2θ V ≤ 0.013 the asymmetry in the sample corresponding to core crossing neutrinos can be larger than the asymmetry in the sample produced by only mantle crossing or by (only mantle crossing + core crossing ) neutrinos by a factor of up to six. The dependence of the D-N asymmetries in the three samples on the threshold e − kinetic energy being used for event selection is also investigated.
We derive iso -(D-N) asymmetry contours in the region of sin 2 2θ V > ∼ 10 −4 in the ∆m 2 -sin 2 2θ V plane for the signals in the Super -Kamiokande detector produced by neutrinos crossing the mantle, the core and mantle + core. The iso-asymmetry contours for the sample of events due to core crossing neutrinos are obtained for two values of the fraction of electrons, Y e , in the core: for Y e = 0.467 and 0.500 4 . Our results confirm the conclusion drawn in [1] that the Super -Kamiokande detector might be able to test the sin 2 2θ V < ∼ 0.01 region of the MSW solution of the solar neutrino problem.
D-N Effect Related Observables
In [1] we have considered four possible groups or samples of solar neutrino events depending on their detection time. We have labeled these samples as Day, Night, Core and Mantle, where Day and Night samples consist of the solar neutrino events detected respectively during the day and during the night, while the other two samples are formed by the events induced by the neutrinos which cross the Earth core (Core) and by the neutrinos which does not cross it (Mantle). All quantities analyzed in this paper (MSW probability, recoile − spectrum, event rate, asymmetries) refer to one of these samples and correspondingly carry one of the indices D, N, C and M, standing respectively for Day, Night, Core, and Mantle. The recoil-e − spectra associated with the four samples are denoted by S s (T e ), where s = D, N, C, M, and T e is the recoil-e − kinetic energy, while for the event rates we will use the notation R s . The symbols S 0 (T e ) and R s 0 will be used to denote the recoil-e − spectrum and event rates for massless ("conventionally" behaving) neutrinos, computed using the predictions of a given reference standard solar model. Correspondingly, one has
The spectra S s (T e ), S 0 (T e ) and the event rates R 0 , R s considered in the present article are one year averaged spectra and event rates.
In the present analysis we use the model of ref. [8] with heavy elements diffusion as a reference solar model. As is well known, the shape of the spectrum of 8 B neutrinos, and consequently the shape of the recoil e − spectrum, is solar model independent. The event rates R 0 and R s depend on the reference solar model prediction for the total flux of 8 B neutrinos. However, the D-N asymmetries we are going to consider, do not depend on the total 8 B neutrino flux and therefore are solar model independent quantities as well. The spectra S 0 (T e ) and S s (T e ) are given by the following standard expressions:
and
Here Φ B is the total 8 B neutrino flux, E ν is the incoming 8 B neutrino energy, m e is the electron mass, n(E ν ) is the normalized to one 8 B neutrino spectrum [10] , P s ⊕ (ν e → ν e ) is the one year averaged solar ν e survival probability for Day, Night, Core, and Mantle samples, and d σ νe(νµ) (T e , E ν )/d T e is the differential ν e (ν µ(τ ) ) − e − elastic scattering cross section [9] . For the corresponding energy integrated event rates we have:
where T e,th is the recoil-e − kinetic energy threshold of the Super -Kamiokande detector. The results reported in the present study are obtained for T e,th = 5 MeV.
In this article we present results for three observables relevant to D-N effect which can be measured with the Super -Kamiokande detector. The first is the distortion of the recoil-e − spectrum due to the MSW effect for the four different event samples:
In the absence of the MSW effect, or in the case of energy -independent (constant) reduction of the 8 B ν e flux at E ν ≥ 5 MeV, we would have N s (T e ) = const. The spectrum ratio N s (T e ) shows the magnitude and the shape of the e − spectrum deformations (with respect to the standard spectrum) due to the MSW effect taking place in the Sun only, as well as in the Sun and in the Earth mantle, core and mantle + core.
The second observable we consider is the D-N asymmetry in the recoil-e − spectrum for the three solar neutrino event samples, associated with the MSW effect in the Earth:
The third observable is the energy integrated event rate asymmetry: 
Earth Model Uncertainties
The Earth electron number density n e (x), which enters in the calculations of the D-N effect, is proportional to the product Y e (x)ρ(x), where Y e (x) is the number of electrons per nucleon and ρ(x) is the matter density at distance x from the center of the Earth. While both Y e (x) and ρ(x) are functions of the local chemical composition, ρ(x) is also a function of the phase (solid, liquid, crystal) of the state of matter. The phase can be inferred from measurements of the propagation of s and p seismic waves in the Earth. These measurements permitted to reconstruct the approximate onion-like structure of the Earth's interior, each strata being characterized by materials which are in definite phases having definite chemical composition.
As already was mentioned, the two main components of the Earth structure are the core and the mantle. Both of them are characterized by a strong differentiation in both the chemical composition and the state phases. The chemical composition of the core and of the mantle cannot be inferred from the seismic data only. It is deduced by comparing results from laboratory experiments, the seismic data, and the predictions of models (for further details see, e.g., refs. [11, 12, 13, 14] ). In laboratory experiments one studies the chemical and physical behavior of the materials at the Earth interior conditions, where the temperature and the pressure reach values of the order of few ×10 3 K and few×10 11 Pa, to obtain a quantitative measure of the correlation between pressure, density, composition and the sound velocity. The interior Earth conditions are reproduced by studying samples subjected to high pressures and high temperatures in either a diamond-anvil-cell or in shockwave experiments. One of the major aims of these experiments is to produce a realistic model for the Earth's chemical composition. Since it is supposed that the Earth formed as a result of gravitational accretion of planetesimals which are believed to be also the source of meteorites, it is suggested that the chemical composition of the Earth interior resembles to a large extent that of meteorites. The mantle is expected to have a composition similar to the composition of the chondritic meteorites consisting mainly of (Mg,Fe)SiO 3 . The core composition is supposed to be similar to that of the the iron meteorites, i.e., an alloy of Fe and Ni with at most 10% (by weight) of Ni. However, while the seismic constraints are compatible with the chemical composition of the mantle thus deduced, they are not compatible with the indicated core composition. The outer core has to be an alloy of iron with 10% of some lighter element such as O, S, Si. The presence of light elements in the outer core may be due to the drag of materials from the mantle toward the Earth center driven by the gravitational settling of the molten iron during the inner Earth differentiation. It may also be due to chemical instabilities caused by strong chemical in-equilibrium at the core/mantle interface, which can produce chemical reactions and/or diffusion enriching the core with light elements and the mantle with heavy ones.
Calculations based on the various possible chemical compositions of the two major Earth substructures show that Y e ≈ (0.49 − 0.50) for the mantle, while for the core Y e ≈ (0.46 − 0.48). At the same time the bulk matter density of the core ρ can be inferred from the seismological data with an uncertainty which is estimated to be between 5% and 10%, the latter value representing a conservative upper limit. Thus, the uncertainty in the knowledge of ρ is the major source of uncertainty in the quantity Y e ρ for the core.
Other source of uncertainty in the Earth model are the thickness of the core/mantle boundary region and the value of the core radius. Both of them are strongly constrained by seismological data and the corresponding uncertainties do not exceed ∼ 10 km. The uncertainties they introduce in the magnitude of the D-N asymmetries are negligible because the corresponding residence time associated with them is exceedingly small. For the same reason the detailed structure of the core-mantle boundary region, more specifically, the change of density in this region (continuous versus discontinuous) is not important for a calculation of the D-N effect with a precision of (1 -2)% [15] .
D-N Effect and the Recoil-e −

Spectrum
In Figs. 1 and 2.1 -2.12 we show examples respectively of the predicted recoil -e − spectrum, S 0 (T e ), the spectrum distortions due to the MSW effect in the Earth and/or in the Sun, S s (T e ), and of the ratio of spectra, N s (T e ), and the D-N asymmetries in the spectrum for the different event samples, A s D−N (T e ). This is done for representative subset of neutrino parameters ∆m 2 and sin 2 2θ V , chosen from the set listed in Table I . The "presence" of the Earth effect in the e − -spectrum is better illustrated by the ratio N s (T e ) and by the asymmetries A Fig. 1 is the standard e − -spectrum S 0 (T e ), while S D (T e ), S N (T e ), S C (T e ) and S D (T e ) are represented respectively by the long -dashed, the short -dashed, the lower solid and the dotted lines. It should be noted that since in the Super -Kamiokande experiment the background rejection is achieved, in particular, through a cut in the angle between the scattered electron momentum direction and the Sun's direction, the measured spectra (and their related distortions and D-N asymmetries) depend, in general, on the cut being used. For the Super -Kamiokande detector e − kinetic energy threshold of 5 MeV, however, the effect of the angular cut on the spectra of interest, as can be shown, is negligible 5 . The e − -spectrum distortions N s (T e ) and D-N asymmetries A Table I are normalized to the event rate predicted for standard neutrinos in the reference solar model [8] . That means that if the neutrino parameters belong to the "conservative" MSW solution regions but lie outside the solution regions obtained within the reference solar model, one should re-scale S s (T e ), N s (T e ) and the event rates in Table I, is the 8 B neutrino flux which was used in the MSW analysis of the solar neutrino data and for which the corresponding solution region was obtained (see refs. [2, 3] for details). We give in Table I In contrast, in the NA solution region the D-N asymmetry in the Core sample is enhanced by a factor of up to six. The reduction in statistics for this sample increases the statistical error by a factor of 2.65. Therefore the effective enhancement is by about a factor of 2.3, which is quite significant. The D-N asymmetry for the Core sample is greater than 0.01 in absolute value in most of the "conservative" NA solution region (see Fig. 3b ). In the NA solution region derived in the reference solar model A It is interesting to note also that a negative Earth effect larger in absolute value than 1% is predicted for the core sample for most of the values of the parameters from the "conservative" NA solution region. Note that the +10% effect line crosses only marginally the "conservative" NA solution region in the case of the Night sample (Fig. 3a) . A comparison between Fig. 3a and Fig. 3b indicates that the Core selection is a very effective method of enhancing the D-N asymmetry in the data sample despite the loss of statistics.
The difference between the values of the Core sample asymmetry A
V from the "conservative" regions of the two MSW solutions (see Fig. 3b and Table II ) this difference does not exceed 0.01 in absolute value. However, for certain sin 2 2θ V and specific values of ∆m 2 from the NA solution region it can be larger than 0.02 in absolute value. As Table II The D-N asymmetry in the Mantle sample is smaller than 10% in the "conservative" NA solution region; in the AD solution region it can be as large as 35%.
Because of the large differences between the core and the mantle structures, the Mantle and Core subsamples provide two independent measurements of the D-N effect. These can be combined to constrain better the neutrino parameters ∆m 2 and sin 2 2θ V , utilizing the full statistics of the Night sample. Since the core enhancement is larger at small mixing angles, the NA solution region can be more effectively constrained than the AD solution region by the combined use of the D-N asymmetry values in the Core and Mantle samples. In the NA solution region, the iso-asymmetry contour lines for the Mantle and the Core samples cross each other nearly perpendicularly. Therefore if sin ∼ 7.5 × 10 −6 eV 2 . Using the mean event rate solar neutrino data provided by the different solar neutrino detectors and the measurements of the D-N asymmetry in the Super-Kamiokande experiment can allow to obtain information not only about the parameters ∆m 2 and sin 2 2θ V , but also about the value of the 8 B neutrino flux provided the solar neutrinos undergo MSW transitions in the Sun and in the Earth. Indeed, a change of Φ B shifts the region of the NA solution, obtained for a given value of Φ B , along the sin 2 2θ V axis, leaving the region's shape and dimensions essentially unchanged (to less extent a similar behavior is exhibited by the large mixing angle solution region). The iso -(D-N) asymmetry contours cross nearly vertically the "conservative" NA solution region, derived by varying Φ B and using the predictions of the reference solar model [8] for the other solar neutrino flux components. Thus, the measurement of the D-N asymmetry can allow to select an MSW solution of the solar neutrino problem which corresponds to a given value of Φ B . For example, a +10% D-N effect in the NA region would correspond to a value of Φ B expected in the reference solar model [8] , while the absence of a positive D-N effect at 1% − 2% level, would indicate either that the MSW effect does not take place or that the 8 B neutrino flux is smaller than the flux in the reference model [8] . The D-N asymmetry is independent on the 8 B neutrino flux, and the MSW probability P 
Conclusions
Assuming that the solar neutrinos undergo two-neutrino MSW ν e → ν µ(τ ) transitions which are at the origin of the solar neutrino problem and using the results of a high precision calculation of the MSW solar ν e survival probability performed in ref. [1] , we have derived in the present article detailed predictions for several D-N effect related observables for the Super-Kamiokande detector. The observables we have studied here are: i) the shape of the recoil-e − spectrum S s (T e ), and the ratio N s (T e ) = S s (T e )/S 0 (T e ), S 0 (T e ) being the standard spectrum in the case of "conventionally" behaving (on the way to the Earth and the detector) solar 8 B neutrinos, ii) the D-N asymmetry in the spectrum, A (Table III) 2. The asymmetry A C D−N is greater than 1% in absolute value in most of the "conservative" NA solution region; it does not exceed 30% in this region (Fig. 3b) . For certain ∆m 2 and sin 2 2θ V we have A (Fig. 3c) . (Fig. 2.10) .
The above results indicate that the Super-Kamiokande experiment might be able to test, in particular, the sin 2 2θ V ≤ 0.01 region of the MSW solution of the solar neutrino problem by performing selective D-N asymmetry measurements. In the case of observation of a nonzero D-N effect, these measurements can allow to determine the value of the 8 B neutrino flux which is compatible with the hypothesis that the solar ν e undergo two-neutrino MSW ν e → ν µ(τ ) transitions.
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